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We report here on a line of work that has played a key role in formally establishing and
going beyond the state of the art in the effective field theory (EFT) approach and in
post-Newtonian (PN) gravity. We also outline here how this comprehensive framework
in fact forms the outset of a prospective rich research program, building on the public
Feynman and PN technology developed.
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1. Introduction
In recent years significant progress was made in a line of research, based on an Effec-
tive Field Theory (EFT) approach for the treatment of gravitational waves (GWs),
emitted from coalescing binaries, which was put forward by Goldberger et al.1–3.
Such binaries contain compact components, which still orbit in non-relativistic (NR)
velocities in their long inspiral phase, and are therefore analytically studied via the
post-Newtonian (PN) approximation in gravity4. Here we report in particular on
a series of works, which focused on the treatment of the challenging and realistic
case, where the constituents of the binary are rotating5–13, and on making the gen-
eral EFT framework widely accessible and available to the community, including a
public automated computation tool14–16. This line of work has played a key role in
formally establishing and going beyond the state of the art in the EFT approach
and in PN gravity, where we also outline here how this comprehensive framework in
fact forms the outset of a prospective rich research program, building on the public
Feynman and PN technology developed. For a general overview presentation of the
main unique advances in the field of EFTs of PN gravity, and the various prospects
of using field theory to study gravity theories at all scales, see Ref. 17.
2. Effective Field Theories Of Post-Newtonian Gravity
Multi-scale problems are prevalent in physics, and as it turns out the compact binary
inspiral is also of this kind. Such problems are amenable to a systematic treatment
using the framework of EFTs, originally developed in the context of quantum field
theories (QFTs) and particle physics. The compact binary inspiral involves indeed
a hierarchy of scales, controlled by the NR orbital velocity, v, which constitutes
the small parameter of the effective theories at each of the intermediate scales in
the problem. There are three widely separated characteristic scales in the binary
inspiral problem: The scale of the single compact object, rs, the scale of the orbital
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separation of the binary, r, and the scale of radiation, emitted from the binary in
GWs, with a wavelength λ. These scales satisfy rs ∼ Gm ∼ rv2 ∼ λv3, where m is
the typical mass of the single compact object, v ≪ 1, and in the PN approximation
nPN ≡ v2n order corrections to Newtonian gravity are found. Therefore one needs
to proceed to construct a tower of EFTs in stages, where in each stage an effective
theory is devised to remove the corresponding intermediate characteristic scale.
The setup of EFTs is then universal, and it follows one of the two complementary
procedures to construct an EFT, which are referred to as “bottom-up” and “top-
down”. Both of these approaches are also used in the binary inspiral problem. At
the first stage, where the scale of the single object is to be eliminated, the full theory
of gravity is considered as General Relativity (GR), and is given, e.g., in terms of
the following Einstein-Hilbert action:
S[gµν ] = − 1
16piG
∫
d4x
√
g R[gµν ], (1)
with gµν for the gravitational field. Then, in the bottom-up approach we construct
the effective action by identifying the relevant degrees of freedom (DOFs) and the
symmetries at the desirable scale. In this case, this means that the remaining bulk
action, after decomposing the gravitational field into gµν ≡ gsµν + g¯µν , where gsµν
represents the strong field modes to be removed in the effective action, is augmented
with a worldline action, which contains new worldline DOFs of a point particle. The
effective action is then of the following form:
Seff[g¯µν(x), y
µ(σ), eµA(σ)] = S[g¯µν ] + Spp[g¯µν(y), y
µ(σ), eµA(σ)]
= − 1
16piG
∫
d4x
√
g¯ R[ g¯µν ] +
∞∑
i=1
Ci(rs)
∫
dσOi(σ),(2)
where the worldline DOFs depend on the worldline parameter σ, Oi are the oper-
ators evaluated on the worldline, and Ci denote the “Wilson coefficients”, which
encapsulate the UV physics suppressed, and depend only on the scale rs.
At the second stage, the field component is further decomposed into components
with definite scaling in the velocity, i.e. g¯µν ≡ ηµν +Hµν + h˜µν , where Hµν denotes
the orbital field modes, which we want to eliminate at this stage, and h˜µν denotes
the radiation modes. We then proceed with the top-down approach to integrate out
the orbital scale by starting from the following two-particle action, obtained from
the previous stage:
Seff[g¯µν , y
µ
1 , y
µ
2 , e
µ
1A, e
µ
2A] = S[g¯µν ] +
2∑
a=1
Spp[g¯µν(ya), (ya)
µ, (ea)
µ
A ](σa). (3)
We integrate out the orbital field modes explicitly, using a standard diagrammatic
expansion with the following definition for the new effective action:
eiSeff[h˜µν ,(yc)
µ,(ec)
µ
A
] ≡
∫
DHµν eiSeff[g¯µν ,y
µ
1 ,y
µ
2 ,e
µ
1A
,e
µ
2A
], (4)
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where now there are new worldline DOFs, with the subscript ‘c’, of a composite
particle, that is the binary system.
Finally, when the conservative sector is concerned, no radiation modes are
present, and one should arrive at an effective action, which no longer contains
field modes, or another scale to remove.
3. Spinning Particles In Gravity
Gravitating spinning objects have been considered as particles in an action ap-
proach both in special and general relativity already more than 40 years ago, see
e.g. Refs. 18, 19, yet they were first tackled in the context of the EFT approach for
PN computations of the binary inspiral in Ref. 20. Spin in Relativity necessarily
implies having a non-vanishing finite sizea, i.e. a deviation from the point particle
view, which is also adopted in the EFT approach, and this poses a challenge for
the construction of an EFT for a gravitating spinning particle. Moreover, once we
leave Newtonian physics, a unique notion of a “center of mass” is lost, and hence
there is an ambiguity as to the choice of the variables describing the rotation of the
object.
Nevertheless, as we noted above the way to proceed is to construct an EFT for
a gravitating spinning particle, following a bottom-up procedure, i.e. by identifying
the relevant DOFS, and coupling them in all possible ways allowed by the proper
symmetries at this scale. After this first EFT is obtained, we can proceed to explic-
itly compute, using the top-down procedure starting from the two-particle EFT, the
PN binding interactions of the binary system, i.e. the second EFT of a composite
particle with spins. The formulation of these EFTs was indeed introduced in Ref. 9
(see also Ref. 16 for a comprehensive pedagogic presentation), and allowed in par-
ticular to constrain spin-induced finite size effects to all orders in spin, and to arrive
at equations of motion (EOMs) and Hamiltonians in a straightforward manner.
3.1. A gravitating spinning particle
Let us then go over the relevant DOFs and symmetries for the EFT at the first
stage9. First, it is assumed that the isolated object has no intrinsic permanent
multipole moments beyond the spin dipole.
Then, for a spinning object, there are two types of worldline DOFs, added to
the gravitational field DOFs. The crucial points to highlight for these three types
of DOFs, specific to the spinning case, are: 1. The tetrad field, ηabe˜a
µ(x)e˜b
ν(x) =
gµν(x), represents the gravitational field DOFs, rather than simply the metric,
gµν(x), in order to couple the field to the rotational particle DOFs; 2. The spinning
particle position in the worldline coordinates, yµ(σ), does not necessarily represent
the rotating object’s “center”; 3. The worldline tetrad, ηABeA
µ(σ)eB
ν(σ) = gµν ,
aOtherwise, the rotational velocity of the object would surpass the speed of light.
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is considered for the worldline rotational DOFs, and enables to define the world-
line angular velocity, Ωµν(σ) ≡ eµADe
Aν
Dσ
, so that its conjugate, the worldline spin,
Sµν(σ), is considered as a further rotational DOF in the action.
Similarly, when considering the spinning case, further symmetries should be
taken into account in addition to general covariance and worldline reparametrization
invariance, which arise already in the point mass case. First, there are parity
invariance, and Lorentz invariance of the tetrad field. For the worldline tetrad, there
is the SO(3) invariance of the spatial triad, and on the other hand, an invariance
under the choice of completion of the spatial triad to a tetrad through a timelike
vector, to which we refer as “spin gauge invariance”. The latter is a gauge of the
rotational variables, namely of the tetrad, as well as of the spin.
The point particle action in Eq. 2 for a rotating object can then be written in
the following form9,18,19:
Spp =
∫
dσ
[
−m
√
u2 − 1
2
SµνΩ
µν + LNMC [u
µ, Sµν , g¯µν (y
µ)]
]
, (5)
where uµ ≡ dyµ/dσ, Sµν ≡ −2 ∂L∂Ωµν , and LNMC denotes the non-minimal coupling
part, which only contains mass/spin-induced higher order terms. Here, the minimal
coupling part is fixed from considering solely general covariance and reparametriza-
tion invariance, and it is implicitly assumed that the covariant gauge21 is used for
the rotational variables. Yet, the minimal coupling rotational term should be gen-
eralized, in the same vein of Stueckelberg action, to manifestly display the gauge
freedom related with the choice of rotational variables9. The non-minimal coupling
part of the action should also be constrained, using parity invariance and other
symmetries and properties of the problem9.
The minimal coupling rotational term is then transformed as follows9:
1
2
SµνΩ
µν =
1
2
SˆµνΩˆ
µν +
Sˆµνpν
p2
Dpµ
Dσ
, (6)
where the hatted variables on the right hand side are the generic rotational variables,
pµ is the linear momentum, and an extra term with an acceleration emerges in the
action. This extra term is not preceded by any Wilson coefficient, as it originates
from minimal coupling, yet it contributes to finite size effects, and just accounts for
the fact that a gravitating spinning object must have some finite size. Moreover,
the leading order (LO) spin-induced non-minimal worldline couplings are recovered
to all orders in the spin, and can be written in the following concise form9:
LNMC =
∞∑
n=1
(−1)n
(2n)!
CES2n
m2n−1
Dµ2n · · ·Dµ3
Eµ1µ2√
u2
Sµ1Sµ2 · · ·Sµ2n−1Sµ2n
+
∞∑
n=1
(−1)n
(2n+ 1)!
CBS2n+1
m2n
Dµ2n+1 · · ·Dµ3
Bµ1µ2√
u2
Sµ1Sµ2 · · ·Sµ2n−1Sµ2nSµ2n+1 ,
(7)
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where new Wilson coefficients precede each of the spin-induced non-minimal cou-
pling terms. These terms are composed from the electric or magnetic curvature
components, Eµν or Bµν , respectively, and their covariant derivatives, and the spin
vector, Sµ, dual to the antisymmetric spin tensor, Sµν . Of this infinite set of opera-
tors, the first three, namely the quadrupole, octupole, and hexadecapole couplings,
contribute up to the 4PN order for rapidly rotating objects9,10,12.
3.2. A gravitating composite particle with spins
The obtainment of the EFT at the second stage is in principle more straightfor-
ward, as the one-particle EFT is already at our disposal to begin with, and so
the computation from the perturbative expansion of the functional integral over
the two-particle EFT is expected to be automatic. Yet, when spins are concerned,
the situation is less than obvious. First, the field DOFs and the particle DOFs
are entangled in the coupling of spin to gravity, e.g., in Eqs. 5, 6. For this to be
remedied, it is necessary to also fix the gauge of the rotational variables of the par-
ticle at the level of the action of the spinning particles, as was first advocated in
Ref. 5. Indeed, in an action approach one can proceed to directly insert the gauge
of the rotational variables at any stage. Only once the field DOFs at the orbital
scale are cleanly separated, one can proceed to integrate them out, using standard
perturbative techniques.
Hence, first we transform to new rotational variables: the worldline Lorentz
matrices, contained in the locally flat angular velocity, ΩˆabLocFla = Λˆ
Aa dΛˆA
b
dσ
, and the
spin projected to the local frame, Sˆab = e˜
µ
a e˜
ν
b Sˆµν . The minimal coupling term in
Eq. 6 can then be rewritten in the following form6,9:
1
2
SˆµνΩˆ
µν =
1
2
SˆabΩˆ
ab
LocFla +
1
2
Sˆabωµ
abuµ, (8)
using the Ricci rotation coefficients, ωµ
ab ≡ e˜bνDµe˜aν , defined from the tetrad
field. The gauge of the rotational variables is then fixed to what we formulate as
the “canonical” gauge. Other than that, we should also fix the gauge of the field
DOFs, where we recall that the Kaluza-Klein (KK) decomposition is beneficially
applied to the NR space+time metric22,23. Then, the gauge of the tetrad field is
fixed to the Schwinger’s time gauge, which corresponds to the KK decomposition.
Eventually, all unphysical DOFs are eliminated from the action, and one can proceed
to compute the EFT using standard QFT multi-loop techniques, such as integration
by parts (IBP), and known loop master integrals.
Finally, it was shown how to derive directly from the resulting effective actions
the corresponding EOMs and the Hamiltonians.
4. Applications And State Of The Art
The formulation of the tower of EFTs with spins for the conservative sector, pre-
sented in the previous section, built on Refs. 5, 6, 7, 8, which handled the sector
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Fig. 1. An outline of the public “EFTofPNG” package version 1.0, which is both a high precision
Feynman computation tool and a PN theory code14 . The design is modular, where the flow among
the independent units is shown.
linear in the individual spins, up to the two-loop level, and clarified some crucial
points, which led up to the complete framework introduced in Ref. 9. In the latter,
all the conservative sector with spins was derived up to the 3PN order for rapidly ro-
tating objects, including the NLO spin-squared sector, which contains spin-induced
quadrupole effects, and was shown to agree with the corresponding results derived
within the canonical Hamiltonian approach, see e.g., Ref. 24. Moreover, higher or-
der results were derived at the 3.5PN order, for the LO cubic-in-spin sector, which
contains up to the spin-induced octupole10, and for the NNLO spin-orbit sector11.
Further new higher order results for the quartic-in-spin sector, with up to the spin-
induced hexadecapole10, and for the NNLO spin-squared sector12, were completed
at the 4PN order. All in all, this line of work completed the conservative sector
with spins to the 4PN order accuracy, on par with the level of accuracy attained in
the non-spinning case4,16.
4.1. A public Feynman and post-Newtonian code
The entire framework presented here was also put into a fully open automated
computation tool, “EFTofPNG”, that is approachable and encouraging engage-
ment within the community14. The comprehensive and self-contained “EFTofPNG”
code can be found in the public repository in https://github.com/miche-levi/
pncbc-eftofpng, where the current version handles the point mass sector, and all
the spin sectors up to the state of the art. The design of the code is modular, see
Fig. 1, so that various units of the code could be efficiently used and developed
independently for different purposes in various generic contexts in physics. In par-
ticular, since the Mathematica code builds on the “xTensor” package for efficient
computer tensor algebra, the treatment of Wick contractions is made significantly
more efficient, compared to other common Feynman codes, by considering n-point
functions as tensors of rank n. On the other hand, this is the first code made public
in PN theory, and is also geared towards the needs of the GW community.
At this time when the influx of GW data is expected to multiply, it is essen-
tial to publicly share the up to date analytic output of PN theory, required for
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the improvement of theoretical gravitational waveform templates25–27. We strongly
advocate public development of the code to improve its efficiency, and to extend
it, innovating towards higher orders of PN accuracy, and incorporating extensions
of the theory to cover more sectors, especially non-conservative ones. We maintain
that community development will also help push a number of eventually neces-
sary research directions. Considering the independent units of the code, as seen in
Fig. 1, let us list then just some of the diverse collective prospects for development:
The “FeynRul” unit can be expanded to implement various alternative theories of
gravity rather than just the theory of GR; The “FeynGen” unit can be modified
to efficiently generate Wick contractions and Feynman graphs for any generic per-
turbative scheme; The “NLoop” unit, which handles and manipulates loop master
integrals and IBP relations, useful in any context of amplitudes computations, can
be extended analytically to higher loop orders, and to improve in computational ef-
ficiency; Finally, the “Gauge Invariant Observables” unit, which is aimed to deliver
the final output of PN theory, in terms of useful gauge invariant quantities, is to
be progressively developed along with the advances in PN theory, such that these
would be directly available to the GW community for the waveform modeling.
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